Asymptotic methods are used to explore the role of one of the homogeneous chemical reactions, water protolysis, in a recent numerical model for the electrochemical pickling of steel. The analysis helps to interpret the somewhat surprising results of the original numerical model: that the local current density profile at the pickled strip does not depend on whether the water protolysis reaction is included in the model or not. The analysis also gives a useful systematic approach for determining qualitative estimates for the width of reaction boundary layers at cell electrodes, which can be of help when designing a computational mesh for the numerical solution of electrochemical models that have such layers.
Introduction
Electrochemical pickling is a process that is used in the steelmaking industry to remove a surface oxide layer that is formed during the manufacture of thin steel strips. In the process, an example of which is shown in figure 1, a steel strip is passed between pairs of anodic and cathodic electrodes in an electrochemically neutral electrolyte, usually sodium sulphate, Na 2 SO 4 . When a current is passed through the cell, the 'pickling' reaction, i.e. the removal of the oxide layer, thought to consist predominantly of chromium oxide (Cr 2 O 3 ), occurs according to 
Figure 1. Schematic of a vertical electrolytic pickling tank: (1) the steel strip; (2) the electrolyte; (3) the cathode; and (4) anode, situated on both sides of the vertical steel strip.
respectively. Further information on many aspects of the pickling of austenitic stainless steels can be found in the survey by Li & Celis (2003) and the thesis by Ipek (2006) . The realization that the industrial process is not particularly efficient (Henriet 1996) has led to attempts at mathematical modelling in order to optimize it. Following earlier work that focused on laboratory situations with a non-moving strip (Ipek et al. 2002 , Ipek et al. (2007) derived a model that accounts for the electrochemical reactions described above, as well as for the translational motion of the steel strip. Three variations of the model were derived, which either included or omitted some or all of the leading chemical reactions that are thought to occur in the electrolyte bulk, and the model equations were solved numerically using finite-element methods. While this gave qualitatively reasonable results, the drawback of a purely numerical approach for this application was the long computation time. This is due both to the size of the system of partial differential equations that must be simultaneously solved for, and the need to resolve the concentration boundary layers adjacent to reacting surfaces; in addition, artificial streamwise diffusion is necessary in order to maintain numerical stability, particularly as the strip velocity is increased. Furthermore, it should be noted that these drawbacks are already prevalent for the simplest of the three variants, which indicates that further meaningful extensions of this canonical model for electrolytic pickling, incorporating two-phase flow (Ipek et al. 2008) or further bulk reactions (Ipek 2006) , will always be hindered by computational limitations.
To alleviate some of these difficulties, Vynnycky & Ipek (2009a) derived an asymptotic model for the simplest of the three variants mentioned above, and were able to demonstrate that it gave the same current density as the numerical models, although at considerably reduced computational cost. The variant considered was the one for which all bulk reactions are neglected. It is therefore of interest to see whether, and how, an asymptotic structure can be derived for the case when bulk reactions are not neglected. Although these are believed to be of importance for modelling the process, a puzzling feature of the results from the full numerical model of Ipek et al. (2007) was that the inclusion of the bulk reactions did not significantly affect the current density profiles. Furthermore, although Vynnycky & Ipek (2009b) presented preliminary considerations on analysing the asymptotic structure for one of the two models with bulk reactions, the results are far from complete.
In this context, a primary concern is whether the inclusion of reaction terms affects the asymptotic structure given by Vynnycky & Ipek (2009a) . On the one hand, while electrochemical problems involving convection, diffusion and migration give rise to boundary layers whose thicknesses can be easily classified, it is clear that the inclusion of reaction terms necessitates a case-by-case approach. It is notable that while authors commonly refer to a thin reaction layer adjacent to an electrode, a qualitative estimate for its thickness is often not given (Yin et al. 1991; Nylén et al. 2007; Van Damme et al. 2009 ); the only available yardstick appears to be a rough approximation calculated from a formula derived by Levich (1962) for a pseudo-first-order homogeneous reaction (Van den Bossche et al. 1995 Bossche et al. , 1996 .
The purpose of this paper is to extend the asymptotic model of Vynnycky & Ipek (2009a) to include one of the bulk reactions, water protolysis, that was present in the earlier numerical model of Ipek et al. (2007) . In §2, we recapitulate the model of Ipek et al. (2007) . In §3, we non-dimensionalize the governing equations, and propose an asymptotic structure for the model; an unexpected feature is the existence of a transition layer within the concentration boundary layers. Also, we demonstrate analytically why the current density is not affected by the inclusion of the water protolysis reaction in the model. In §4, the analysis is shown to be consistent with the earlier numerical solution of the problem. Conclusions are drawn in §5.
Model formulation
In this paper, we will, for simplicity, refer to reduced models (1) and (2) in Ipek et al. (2007) as models I and II, respectively. First, we recap the relevant model equations, which are for the concentrations, c i , of five ionic species (i = Cr 2 O 2− 7 , H + , Na + , OH − , SO 2− 4 ), the electric potential in the electrolyte, F (e) , and the electric potential in the steel strip, F (b) . The model geometry is as given in figure 2 and consists of a two-dimensional region of length L (b) and width D eb + d; anode and cathode electrodes at x = 0, each of length L, at a distance D ie apart and Figure 2 . A cross section of the model geometry for the vertical pickling process, showing the anode, the cathode and the steel strip in the channel. The electrodes to the left are separated by an electrically insulated, impermeable boundary.
held at electric potentials ±U /2, respectively; and a steel strip with electrical conductivity k (b) that moves vertically upwards with speed V (b) , and is at a horizontal distance D eb from the electrodes. Because of symmetry, only one half of the electrode-steel strip section is modelled; thus, d denotes the half-width of the steel strip, so that the centreline of the strip lies at x = D eb + d. The remainder of the boundary at x = 0 is assumed to be impermeable and insulated. Electrolyte is assumed to enter at y = 0 and exit at y = L (b) . (b) and k (b) are given in table 1, as are other model parameters that are introduced in the main text later; a full list of symbols is given in the supplementary material.
(a) Governing equations
Three mechanisms, diffusion, migration and convection, are assumed to contribute to the transport of ionic species in the electrolyte. Assuming the applicability of transport equations in dilute solutions, see e.g. Newman & 
where u is the hydrodynamic velocity of the electrolyte, D i is the diffusion coefficient and z i the charge number for species i. The quantities F (= 96485 C mol −1 ), R (= 8.314 J mol s −1 ) and T are the Faraday constant, the universal gas constant and the absolute temperature, respectively. The differential material balance for species i is given, in steady state, by
where R i represents the production of species i through chemical reactions in the electrolyte. In this paper, the only homogeneous chemical reaction that we will consider will be the water protolysis reaction, 
and
In addition, the solution is assumed to be electrically neutral, which is expressed by
Equations (2.2) and (2.6) then provide a consistent description of transport processes in the dilute electrolyte. In addition, the current density, i, is calculated from the flux of charged species, and is given by Faraday's Law as
Substituting equation (2.1) into equation (2.7), we can identify the electrolyte conductivity, k (e) , as
Also, u is taken to be the simplest possible profile that is consistent with the fixed electrodes and the translational motion of the steel strip; consequently, we take u = (u, v), where
For the potential field in the steel strip, conservation of charge gives
At reacting surfaces, Faraday's Law is used to relate local ionic fluxes to the current density. At all of these interfaces, electrochemical reactions are assumed to proceed according to Tafel kinetics, which seems reasonable in view of the high current densities (of the order of several kA m −2 ) at which the process is typically operated. 
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details. In addition, and as already discussed at length in earlier work (Ipek et al. 2005 , Ipek 2006 ), experimental results were used to establish the fraction, L, of the total current that is attributable to reaction (1.1); as in Vynnycky & Ipek (2009a) , we set L = 0.1.
(i) Anode
Taking into account the oxygen evolution reaction (1.2) gives
, where E eq O 2 = 1.23 − (RT ln 10/F )pH eq , with pH eq = 3 − log 10 c eq H + .
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From the hydrogen evolution reaction (1.3), we have (2.20) and
where
, where E eq H 2 = −(RT ln 10/F )pH eq .
(iii) Strip/electrolyte
From the oxygen and hydrogen evolution reactions (1.2) and (1.3), as well as chromium oxide removal according to equation (1.1), we obtain
Continuity of the normal current at the steel strip/electrolyte interface gives the boundary condition
(2.32)
At the inlet at y = 0, the concentrations must be such that there is local equilibrium, which implies that
In practice, one would expect to be able to measure c Na 2 SO 4 in the homogeneous electrolyte entering the domain. We obtain immediately that 
(v) Outlet
At the outlet boundary, we assume that the convective flux in the axial direction of the channel, for all ionic species, is dominant. Consequently, we set the sum of the diffusion and migration fluxes to zero, i.e. for i = Cr 2 O 2− 7 , H + , Na
Combining this with the electroneutrality condition, we obtain in simpler form
39) (vi) Insulated and symmetry boundaries
At the boundary of the electrolyte domain that is assumed insulated, i.e.
Similarly, at the boundaries of the steel strip, which are either symmetry planes or insulated, we have
Analysis
With a view to determining the correct asymptotic structure for this problem, we begin by non-dimensionalizing with
In what follows, the solution for the strip is exactly the same as that given in Vynnycky & Ipek (2009a) , so we omit that here and focus solely on the electrolyte.
Substituting equation (3.1) into equation (2.2) gives
2) where
where and l 1 ∼ 10 −4 ; (3.5)
this motivates investigating the asymptotic regime for which Pe 1, P 1, e 1, l 1 1. In particular, since Pe 1, we can expect boundary layers, and we will need to consider these and the bulk separately. To do this, we proceed as in Vynnycky & Ipek (2009a) by considering asymptotic expansions in the bulk of the form
(3.6) and
As for the case with no bulk reactions, 8) where, at leading order in e,
and (3.10) in effect, the asymptotic expansions for these minority ions begin at O(e). Consequently, equation (3.2) reduces to
In what follows, it will be convenient to denote the leading-order solution for f (e) in the bulk as f bulk . We consider the anode, the cathodic portion of the strip, the cathode and the anodic portion of the strip in turn; the complexity of the analysis increases in this order, with preliminary results for the anode being necessary for use later.
(a) Anode
Consider first the material balance equations for H + and OH − ions. In dimensionless form and neglecting the second derivatives in Y , we have (3.18) where C 0 H + = limX →0 C H + ; in addition, we must have the matching conditionC (3.19) Notice that the profile for C H + is entirely unaffected by this sub-layer. (ii) If l 3 1 Pe ∼ 1, we have, at leading order,
Hence, for the most part, the reaction term still has no effect at leading order in the equation for C H + , although for a different reason from that in (i): the equation for C OH − holds the reaction at equilibrium. Once again, a sub-layer of thickness e(l 1 Pe) −1/2 is necessary forC OH − , which satisfies equation (3.18). However, equation (3.20) , with the reaction term removed, cannot be valid all the way down toX = 0, since equation (3.21) ceases to be valid in the sub-layer; hence, at first sight, boundary condition (2.12) cannot be applied directly. Consequently, this means that, unlike in case (i), there will be a coupled problem to solve for C H + andC OH − in the sub-layer. Thus, instead of equation (3.20), we will have In summary, we have shown that the reaction term has no effect at all in any of the cases on the conservation equation for H + at leading order; hence, it is the same as it was when the bulk reaction was omitted. A further consequence of this is that we will obtain, after some manipulation as in Vynnycky & Ipek (2009a) , 
once again, the left-hand side can be neglected, since e 2 l 1 . As at the anode, the decoupling of the problem for H + at this layer from the leading-order problem for OH − is evident. The remaining details are straightforward. The cases analogous to (i)-(iii) in §3a for the anode are determined by the magnitude of the parameter l 1 , as opposed to l 3 1 Pe; we omit the details here. However, here, as the anode, the conservation equation for the current-carrying ion, i.e. OH − , is at leading order the same as it was when the bulk reaction was omitted. Again, as in Vynnycky & Ipek (2009a) , we obtain
where f
The situation at the cathode is more complicated than that at the anode, because of the advection of H + ions from the anode. Hence, in model II, in addition to having C OH − ∼ O(1), as one would expect since OH − ions are being produced at the cathode, we also have C H + ∼ O(1). In view of the added complexity, we consider only the case that is relevant to the computations, so that l 3 1 Pe 1; thus, the concentration boundary layer will be of thickness Pe −1/3 . Once again, settingX = X /Pe −1/3 , we havẽ 3.33) and
(3.34) The numerical results to be presented later in §4 suggest that 
i.e. the leading edge of the cathode. Although the mathematical implications of this may be undocumented within the electrochemical literature, it is already well established in the viscous boundary-layer theory of fluid mechanics that a boundary layer develops a two-tier structure in order to accommodate a change in boundary condition (Smith 1974; Veldman 1975; Cebeci et al. 1979; Vynnycky 1998) . The location of the interface between the two tiers is similar to that considered recently by Vynnycky & Borg (2010) for the forced convection of excess supporting electrolyte between parallel electrodes; this implies that there is sub-layer for whichX ∼ z 1/3 , where (3.37) equations (3.33) and (3.34) become, at leading order,
(3.39) a further point concerns the lower tier, which will have a sub-layer of thickness e(l 1 Pe) −1/2 forC H + , although the details are similar to those already given for C OH − at the anode, and we therefore do not repeat them here.
From the above, we expect the transition layer to be whereX ∼ z 1/3 , so we set X = z 1/3 + cX , where c 1 and will have to be determined. For the transition layer, we will have C H + ∼ 1, C OH − ∼ 1, so that, on settingC 
The boundary conditions arē
functions that are to determined; we show how to do so presently. From equations (3.42) and (3.43), we see that (3.48) where C is a function of z; from equations (3.44)-(3.47), 49) and hence C must be negative.
To demonstrate that this analysis is self-consistent, it would be beneficial to provide a solution to equations (3.42)-(3.47); however, there appears to be no analytical solution, and the equations must be solved numerically. Prior to doing this, we consider the behaviour ofC H + andC OH − asX → ±∞. AsX → ∞, trȳ
where A + , B + and m + are all functions of z; also, we must have m + < 0. Then,
So, sinceC H + > 0, clearly we can have m + < 0 if we take the negative sign. Note that equation (3.50) the expression for m + , whereas equation (3.51) provides the ratio A + /B + . On the other hand, asX → −∞, we set
where A − , B − and m − are all functions of z; this leads to
as required, and
As confirmation of the feasibility of this asymptotic structure, we provide a numerical solution to equations (3.42)-(3.47), which is given in figure 3 . Note, however, that this figure is only illustrative, in the sense that we have taken arbitrary values for 4 c and C ∞ H + -in this case, 4 c = 1 andC ∞ H + = 1. In practice, neither will be known a priori, but will have to be solved for. We return in §3e to the issue of how to determine 4 c .C ∞ H + , on the other hand, is found by solving equation (3.39) for C OH − in the lower tier and equation (3.35) for C H + in the upper tier, subject to two interface conditions atX = z 1/3 . The first comes from equation (3.49), although now expressed in upper and lower tier variables, rather than transition layer variables: The second comes from the continuity of current, which can be reduced to (3.53) this makes use of equation (2.7) and the fact that N Na + and N SO 2− 4 are both continuous across the transition layer.
Thus far, we have demonstrated a self-consistent asymptotic structure for the boundary layer at the cathode. However, it is evident that the reaction terms are not negligible for this boundary layer, as they were shown to be at the anode and at the cathodic portion of the steel strip, and it is not therefore immediately obvious whether manipulations similar to those that lead to equations (3.26) and (3.31) can once again be used to yield a boundary condition in terms of f bulk only. Starting with the governing equations at leading order for this layer, i.e.
(3.54) and 
57) where 
where Thence, analogous to equations (3.26) and (3.31), we obtain, as desired,
, we have, analogous to equations (3.33) and (3.34), 3.64) and 
by analogy with the cathode, this is where the local current starts to increase rapidly, although its location will not be known a priori in general. Once again, a two-tier structure is required, although this timeX ∼ z 1/2 , where
Setting 68) equations (3.33) and (3.34) become, at leading order,
From the above, we expect the transition layer to be whereX ∼ z 1/2 , so we set X = z 1/2 + cX , where c 1 and will have to be determined. For the transition layer, we will have C H + ∼ 1, C OH − ∼ 1, so that, on setting equations (3.33) and (3.34) become
72) where 4 b,a ∼ O(1) is a strictly negative function of z; more specifically, 4 b,a := (vf/vX )X =z 1/2 , and must be strictly negative since the electric potential decreases from its value at the steel strip asX increases. From equations (3.71) and (3.72), it is clear that we require c ∼ e/l 
we obtain
75) which can then be integrated to give
(3.77) and (3.80) where
AtX = 0, we will have simply
(3.82)
Matching to the bulk then gives
(e) Summary Figure 4 summarizes the various boundary layers, transition layers and sublayers that the analysis has uncovered for model II.
As regards a systematic strategy for solving the asymptotic problem, this turns out to be the same as that given by Vynnycky & Ipek (2009a) , when water protolysis was not included: f bulk and f (b) can be solved for ahead of solving for the concentrations in the boundary layers. In particular, note also that once f bulk becomes known, it is possible to obtain the values of 4 c and 4 b,a required to completely determine the transition layers in §3c,d.
Comparison of asymptotic and numerical results
First, as a reference for the results of model II, we show in figures 5 and 6 the profiles for C H + and C OH − , respectively, at Y = 0.25 and 0.75, as computed by Ipek et al. (2007) for model I. Focusing first on the curves for Y = 0.25, it is evident that the concentration boundary layer near X = 0 is much thicker than that at X = 1. Also, C H + is much higher than the bulk value near X = 0, whereas C OH − is much higher than its bulk value near X = 1; this is to be expected in view of the electrochemical reactions that occur at the anode and the cathodic portion of the strip, respectively. Similar trends are observed for the curves at Y = 0.75, although with the roles of H + and OH − reversed. However, the additional features are that C H + and C OH − are high near X = 0 and X = 1, respectively, even though 
H
+ and OH − ions are not being produced in the electrode reactions at the cathode and the anodic portion of the strip, respectively. This is because H + and OH − ions are advected up from the anode and cathodic strip, respectively. Figures 7 and 8 show the profiles for C H + and C OH − , respectively, at Y = 0.25 and 0.75, as computed for model II in Ipek et al. (2007) . For these computations, l 3 1 Pe 1, so we would expect the thickness of the boundary layer at Y = 0.25 for C H + near X = 0, and for C OH − near X = 1, in model II to be of the same order of magnitude as that for model I. In both cases, the concentration of the ion that does not participate in the electrochemical reaction at that boundary is considerably smaller than the bulk value; this supports the scalings used in §3a,b. On the other hand, the curves for model II for Y = 0.75 display the rapid transition in C H + and C OH − within each boundary layer; once again, these figures support the scalings used in §3c,d. It is, however, unlikely that the numerical results can resolve the details within the transition layer, nor the details of the sub-layers for the minority non-reacting ions: the analysis indicates that these should be of dimensionless thickness 10 −8 , which is considerably smaller than any length scale that Ipek et al. (2007) had envisaged that they would need to resolve. However, the analysis also shows why there was no actual need to resolve these length scales, as regards determining the current density correctly: the leadingorder problem for the electric potential, and hence the current density, decouples from that for the concentrations. 
Conclusions
This paper has used asymptotic methods to analyse the role of the water protolysis bulk reaction in a recent numerical model for the electrochemical pickling of steel (Ipek et al. 2007) . Starting from an asymptotic model for the problem in the absence of bulk reactions (Vynnycky & Ipek 2009a ), significant analytical progress was once again possible. In particular, our asymptotic results were able to explain why the current density profiles obtained in the numerical model for the cases with and without the water protolysis reaction were almost identical. Furthermore, we have provided a systematic approach for the mathematical treatment of reaction layers that may be of use in more general electrochemical systems. In the context of the modelling of electrochemical pickling, the next step will to be to include the disassociation of sulphuric acid, a further bulk reaction that was initially thought to be of importance in the earlier numerical model (Ipek et al. 2007) ; however, the inclusion of that reaction was found not to affect the results significantly either, and further asymptotics should be able to explain the reason for this also.
